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O ! Abstract 

^"^ , In this paper we introduce the fc'th isoperimetric constant of a directed graph 

i^h ' as the minimum of the mean outgoing normalized flows from a given set of k 

disjoint subsets of the vertex set of the graph. In this direction we show that the 
second isoperimetric constant in the general setting coincides with (the mean 
version of) the classical Cheeger constant of the graph, while for the rest of 
the spectrum we show that there is a fundamental difference between the fc'th 
isoperimetric constant and the number obtained by taking the minimum over all 
QO ' fc-partitions. In this regard, we define the concept of a supergeometric graph by 

J""""- , proving a Federer-Fleming-type theorem and analyzing the parameters through 

C^l ' the corresponding functional definition. 

We also study the relationships of the isoperimetric spectrum to the classical 
spectrum of Laplacian eigenvalues, by proving a generalized Cheeger-type in- 
equality as well as generalized Courant-Hilbert inequalities in the context of 
' graph nodiomomorphism theorems. 

> : 

: 1 Introduction 

H , 

The chapter on isoperimetric numbers and Cheeger-type inequalities is a classic in 
geometric analysis and has been considered from many different aspects and points 
of view [3j O [19j [3U [35] . The study of such concepts in the discrete case, although 
more recent, has also been a center of attention mainly because of its many diverse 
connections to important problems of the century, both applied and theoretical in 
nature [D[9l[IIl[l2l[l3l[22l[27l[29l[M[Ml[39]. 

Let us recall (e.g. see [39]) the definition of the classical Cheeger constant of a 
Markov chaiqfl K on a connected simple base-graph G = (V(G),E(G)), with a 
stationary distribution n, as 

tv \ def ■ d ^ 
c(K,vr) = mm — — , 

tt(A)<1/2 7T((^J 

2 Hossein Hajiabolhassan was partially supported by Shahid Beheshti University. 

3 By abuse of language we only refer to the kernel instead of the stochastic process itself. 
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where 



d(Q) 



def 1 

~ 2 




UEQ & vgQ 



and the not so common mean version as follows 



i(K,7T) 



def 



9(g) 



(i) 



QCV(G) 27r(Q)(l-7T(Q)) 



Our objectives in this article are manifold, in the sense that, on the one hand, we 
intend to present a unified and concise treatment of the subject in the discrete case 
for the general case of directed graphs, containing both geometric and graph the- 
oretic approaches as well as results (e.g. see jSJ [25] for the background). In this 
direction, one of our main contributions is to concentrate on the mean version of the 
isoperimetric number, and introduce its extensions as a set of constants called the 
isoperimetric spectrum, in juxtaposition to the classical spectrum consisting of the 
Laplacian eigenvalues. 

One main reason for this shift of interest is the fact that, in our opinion, the mean 
spectrum of the Laplacian whose k'th element is the (arithmetic mean) of the first 
k eigenvalues of the Laplacian operator, seems to be much more well-behaved than 
the classical spectrum (e.g. see [31]), which is intuitively quite natural because of 
the smoothing property of the mean operation. This may, in a way, present a fair 
chance of a better study of the spectrum and, in this regard, the generalized mean 
version of the isoperimetric constant plays the central role as the most natural L 
counterpart. 

Another important aspect of considering the mean version is the fact that, as far as 
we could verify, it presents the best and the most natural framework to generalize 
the isoperimetric constant, and what is in our opinion a bit of a surprise, is that the 
new definition seems to be well-defined (e.g. in the sense that it satisfies a general- 
ized co-area formula) only when it is defined as the mean over disjoint subsets of the 
space (which does not necessarily constitute a partition). The difference between 
the two definitions based on taking the minimum over the partitions or disjoint sets, 
although disguised in the case of the classical Cheeger constant (i.e. when we deal 
with 2-partitions), seems to be inherently nontrivial in general, and will be our main 
motivation to define the concept of a supergeometric graph. 

On the other hand, naturally, pursuing this line of thought, we analyze the isoperi- 
metric spectrum, both from analytic and graph theoretic points of view, and we 
prove a Federer-Fleming-type theorem as well as Cheeger-type inequalities connect- 
ing these parameters and the classical spectrum of eigenvalues in different levels. 
Also, as a byproduct, it is shown that generalized Cheeger inequalities at the /c'th 
level seem to be strongly related to the concept of a nodal domain and the corre- 
sponding Courant-Hilbert-type results, as it must be expected (e.g. see [32j Hi] for 
the background). 

The contents of Section [2] are mostly classic and are mainly presented to fix a com- 
mon language and notation as well as to record a couple of basic results for further 
reference. 

In Section [3] we introduce and investigate the generalized isoperimetric numbers 
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associated to a graph. In this regard, after proving some basic properties in Sec- 
tion (37T], we prove a Federer-Fleming-type theorem in Section [32] to fix an equivalent 
functional definition. In Section [3.31 we consider the combinatorial kernel related to 
the natural random walk on the base graph, and in Section 13.41 we show that all the 
parameters involved are equivalent for a class of graphs, we call supergeometric. 
Section 0] is devoted to the study of eigenspaces where we study the relationships 
between the isoperimetric and the mean spectrum of a graph, in which we show that 
a generalization of the classical Cheeger inequality is naturally valid but is intrin- 
sically related to the concept of a nodal domain. In this approach we also prove 
generalized Courant-Hilbert inequalities in the context of graph no-homomorphism 
results. Section [5] contains our concluding remarks. 



2 Preliminaries 

In this section we go through some basic definitions and facts that will be used 
later. In what follows R and R + are the sets of real and nonnegative real numbers, 
respectively, and for any real number ifRwe define 

M + dei ( x x > 
[ ' ~ \ x < 0. 

For an n-list of real numbers (repetition is allowed) as £ 2 , . . . , the mean 
n-list is denoted by (£,£,...,£), where 

k 

C = -y C 

i=l 

Hereafter, x A denotes the characteristic function of a set A and we adopt the nota- 
tions 2"* = f {k, k + 1, . . . , n}. Also, T n d = l\ 

2.1 Function spaces 

If X is a set then J-{X) stands for the set of all real functions / : X — > R, and 

similarly, T+(X) d = {/ : X — ► R+}. Also, if u : X — ► R+ - {0} is a weight 
function then we define the inner product <•,•>„ and the norm ||.|| on J-{X) as 



< f,g >„ = £/(*M*M*). H/IU = E \f^\ P ^) . 

respectively, where we usually use the subscript lu to refer to the product structure 
(e.g. T U (X)). Two functions f,g G J r u {X) are said to be orthogonal with respect 
to u, i.e. / -L^ g, whenever < /, g > u = 0. 

For any / G ^F(X), supp(/) stands for the set {v G V(G) \ f(v) / 0}. Also, for 
any subset A C Domain(/) C X the restriction of / to A is denoted by /| A , i.e., 
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Moreover, for any real function /, the functions / + and / stand for the positive 
and negative parts of /, respectively; and consequently, 

/ = /+-/- and |/|=/+ + /-. 

For any two functions (or vectors) /, g, we write / < g if 

Vv€V(G) f(v)<g(v). 

Also, we write / < g if / < g and / / g. 

2.2 Graphs and kernels 

The main objective of this section is to introduce a common language of graphs and 
kernels that is accessible to both graph theorists and experts in functional analysis 
and also benefits from all aspects of the two points of view. 

Throughout the paper, a graph G = (V(G), E(G)) is always assumed to be a finite 
directed graph (possibly with loops and without multiple edges), where E(G) C 
V(G) x V(G). Similarly, an undirected graph G = (V(G),E(G)) is a finite set V(G) 
along with a set of undirected edges E(G), each element of which is a subset of V(G) 
whose size is less than or equal to 2. When it is clear from the context, by abuse of 
notation, we use the same symbol uv both for the directed edge (u, v) £ V(G) x V (G) 
of a directed graph and also for a simple edge {u, v} of an undirected graph. 

For a given graph G, we use the natural notation, G, for its symmetric directed base 

graph i.e. V(G) d = V(G) and 

(uv £ E(G) and vu £ E(G)) & (uv £ E(G) or vu £ E(G)). 

Moreover, for a given graph G, G stands for its symmetric undirected base graph 
i.e. V(G) = V(G) and 

uv £ E(G) (uv £ V(G) or vu £ V(G)). 

Note that for an undirected graph G = (V(G), E(G)) we may think of any simple 

edge uv as a subset {u, v} C V(G). With this interpretation G = (V(G), E(G)) is a 
directed graph obtained from replacing any simple edge uv £ E(G) by two directed 

edges uv £ E(G) and vu £ E(G)- Note that there is a one to one correspondence 
between undirected graphs and symmetric directed graphs, where the undirected 
presentation can be interpreted as a more compact version of expressing the same 
data. 

Given any n x n matrix K whose rows and columns are indexed by the elements of 
an n-set V, in general, one can construct a graph G K = (V, E) where 

uv £ V 4^ K(u,v) / 0. 

Then, it is clear that from this point of view, the concept of a weighted graph contain 
the same data as the concept of a matrix, and moreover, symmetric graphs as well 
as undirected graphs correspond to the concept of symmetric matrices. 
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In this paper, we are mainly concerned about the relationship between the properties 
of the kernel and the connectivity of the corresponding symmetric base graph. We 
continue this line of thought in the next section. 

As for a couple of more notations, the set T> n (G) is defined to be the set of all 
n-sets {Q i: . . . , Q n } with ^ Q. C V(G) for all 1 < % < n such that for every pair 
1 < i < j < n we have Q i D Q 3 = 0. The set of n-partitions of a graph G, which is 
denoted by V n (G), is the subset of V n (G) that contains all partitions {Q l , ■ ■ ■ ,Q n } 
for which U Q i = V(G). For two given subsets X,Y of V(G) we define, 

E {X, Y) d = {e = uve E(G) \ u G X & u G F}. 
Also, for a subset Q C V(G) we define, 

E(Q) = E (Q, Q c ), E(Q) = E (Q c , Q), 

and 

E(Q) =E(Q)UE{Q). 



2.3 Markov kernels and the energy space 

In this section we collect some basic facts about the theory of finite Markov chains 
with a graph theoretic emphasis (e.g. for more on this see [H \T7\ I39j). Hereafter, 
given a graph G, we assume that K is the kernel of a Markov chain on this graph 
and 7r is a nowherezero stationary distribution, i.e. irK = tt and ir(v) 7^ for all 
v G V(G). 

def 

In this setting, <f)(u,v) = K(u,v)ir(u) defines a nowherezero flow on G. Also, for 
any Q C V(G) we define 

def , , , „ , i !. I' 

ueQ 



u»6£(Q) 

and dj,(Q) analogously. Note that since <j) is a flow, for every nonvoid Q £ ^(G)) 
we have _ 

d,(Q) = d,(Q) = d,(Q c )- 

Sometimes, by abuse of notation, we may write d(Q) for simplicity. (Note that 
for Riemannian manifolds d(Q) = Vol(Boundary(Q)) has the same property as a 
trivial flow with only a nonzero component to the complement.) Within the same 
setup we consider the flow 

Hu,v) d = ~(<t>(u,v) +(j)(v,u)), 
on G, coming from the kernel 

17( \ dcf 1 ( vt \j K {v,u)tt{v) 

K i u , v ) = o ( K + K ) = o • fC ('"' + 



2 V ' 2 V 7r(«) 
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with the same stationary distribution n. Also, we consider two linear Laplacian 
operators on ^(G) as follows, 

A = f id — K and A = f id — K, 

where id is the identity operator. It is clear that K and A are self-adjoint operators 
on J-^{G) by definition, while K and A may not be necessarily so, unless K = K* 

and A = A. Hence, when |V(G)| = n, one may order all real eigenvalues of K and 
A as 

a 1 >a 2 >--->a n , (2) 

and 

= \ <A 2 < --<X n , (3) 

respectively. (At times we may use superscripts as A 2 or a 2 to refer to the graph 
or the kernel when details are clear from the context.) 

Also, it is a well-known fact (Perron-Frobenius theorem) that for a strongly con- 

Q 

nected graph G, the eigenspace corresponding to the eigenvalue = A is one di- 
mensional and is generated by the constant vector 1. Moreover, for any self-adjoint 
matrix A, by Courant-Fischer variational principle (see [39]) and for any 1 < k < n 
one may write 



A 



(<Af,f>\ (<Af,f>. 
A = mm max <^ —2 } = max mm <^ } , (4) 

wew k o//6if ^ 11/11 J vvew-L Ojtfew { 



in which 



W k d = {W I 6im(W) > k}, W k d = {W \ dim(W ± ) < k}, 



and < /, g > is the inner product of the space. In the rest of this paper we will 
adopt the following important assumption for the notations. 

Assumption: Hereafter, all operators (e.g V,V,A) are assumed to be related 
to a fixed kernel K on a base graph G = (V(G), E(G)) with a nowherezero station- 
ary distribution (i.e. invariant measure) ir. Also, we always assume the orderings 
mentioned in [2] and [3l 

In what follows, we will be working with the measure spaces (V(G), tt) and (E(G), <p) 
for any directed graph G (that may have loops) as well as (V(G),tt) and (E(G),(p) 
for the corresponding undirected graph, (note that the last case also covers the case 
of simple graphs). In our notations the subscript determines the function space 
under consideration (e.g. J-^{G) stands for the set of all real functions defined on 
E(G), the set of edges of a given graph G, equipped with an inner product weighted 
by 0). 

It is instructive to note that considering the inner-product space equipped with 
the weighted inner-product < ., . >^ has the advantage of reflecting parts of the 
global structural properties of the base graph in the spectrum of the corresponding 
Laplacian operator, while this is not necessarily true when one uses the ordinary 
inner-product of R n . (Section 13.31 demonstrates how this framework also covers the 
classical case.) 
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2.4 Gradients, energy and their properties 

Given a graph G, one may define the directed, classical, and symmetric gradients, 
respectively, as follows, 

. V : TAG) — T p (G) as V/M ^ (/(u) - f(v))+. 
. V : ^{G) — » ^(G) as V/(««) = /(«) - /(«). 

. V : ^(G) — » as V/(««) = |/(«) - f(v)\. 

Lemma 1. For a given graph G, the classical gradient, V, is a linear operator and 
has an adjoint V* : (G) — ► (G) defined as 

Moreover, 2 A = V*V. 

Proof. It is easy to check that 

(A/)(u) = iv*V/(iO = -L J] V/M^^) = 4t E (/(«)-/(«)) 

2 7T(u) tt(u) ' 

Also, note that, 

< 2A/, 5 >„=< V*V/, 5 >,=< V/,V 5 >„, 

holds for all f,ge^(G). U 

The simple but important statement of Lemma[T]in a way presents the symmetriza- 
tion process of constructing the undirected symmetric graph G from a given graph 
G, in an analytic sort of way In other words, starting from a kernel K on a base 
graph G, and considering the operators V and V* , one may construct the symmetric 
Laplacian operator as 2 A = V*V that introduces a new kernel whose base graph 
is G. Also, a classical and interesting fact is that if one starts from a graph G and 
considers the conservation of energy as Kirchhoff's node and loop laws, then one 
finds a Poisson's equation relating the current and voltage (i.e. potential) functions 
whose basic operator is the symmetric Laplacian A on G. Hence, in this sense, 
conservation of energy leads to symmetric models. 

With this background, one of our main objectives can be described as finding meth- 
ods that can reflect some of the connectivity properties of G in its related symmetric 
model G, through the self-adjoint or symmetric operators defined on it. There- 
fore, it is natural to concentrate on well-behaved or induced operators on G (e.g. 
V : J- V {G) — * T-(G)) and consider their relationships to those of G. The follow- 
ing lemma summarizes some of the basic properties of these operators for further 
reference. 

Lemma 2. For any given graph G, and f 6 J- W (G), 
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a) l|V/|L, = ± IIV/II^ = ||V/||^. 

b ) llv/IL,, = l|v/ + || 1 , + ||vri| 1 .,. 

c ) 5 II V /C = ll^/H^ =< / >^ =< / >^ • 
Proof. For (a) note that 4> is a flow on E{G) and consequently, 

IIWIU= £ (/(n)-/( W )) + 0(n, V ) = i £ |/(«)-/W|^(u^) = ||V/l| li? - 

u,v£V(G) u,v£V(G) 

Equality in (b) is clear. Also, (c) follows from Lemma [T] and the following equalities, 
< {I-K)fJ>=<(I- l -(K+K*))fJ>=\\Vf\\ 2 2 _= Y, \f(u)-f(v)\^(u,v). 

uv£E(G) 

m 

In the rest of this paper, given any graph G, we will be working within the frame- 
works [G, (V(G),ir), (E(G), 0), V, V, A, A], and [G, (V(G),ir), (E(G),4>), V, V, A] for 
the corresponding undirected graph. In this regard, we have chosen an inner product 
space that is tightly related to the global properties of the base graph through the sta- 
tionary distribution tt, where the corresponding symmetric Laplacian (hopefully) re- 
flects some of these global properties through its spectrum (e.g. see [HICEJET]). This 
approach, in our opinion, is the most important application of invariant measures 
in the contexts and marks the distinction between the classical approach through 
ordinary inner product an the one based on the the global properties through an 
invariant measure. 

Clearly, in this approach, one needs some relations between the energy (Dirichlet) 
forms and different norms of the operators to construct the necessary connections 
needed. The following two lemmas demonstrate the most basic relationships. 

Lemma 3. For every f G T^{G) we have 

a) ||V/|| 1>0 < ||V/||„. 

b ) Ilv/IL, = ||v/ll a < f l|v/|| 2r 

Proof. Since ^ is a flow we have (p(u, v) = 1, and consequently, by Cauchy- 

Schwartz inequality, 



u,v£V(G) 



£ \f(u)-f(v)\ 2 <P(u,v) = £ \f(u)-f(v)\ 2 ^u,v)\ I £ J>(u,v) 

u,veV(G) \u,v€V(G) I \u,vGV(G) 



2 



i«,»6V(G) 
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Lemma 4. For every f E (G) we have, 



liv/ 2 ll^ < 2 liv/|| 2 



llv/ 2 IU 



v/ 2 l 



M < ^2 l|V/ " 2 ^ 



; ll/ 2 lli,. II/ 2 IL. - v ' 
Proof. The proof is clear by Cauchy- Schwartz inequality and the following, 



V2 HV/II. 



E l/(")-/W| 2 0(n,^) E |/( U ) + /(t;)| 2 0(n, W ) 



u,i)GV(G) 



> 



E i/(«)i a <«) 



E l/H + /WI 2 <^) 



uGV(G) 



( \ 

E i/h 2 -/w 2 i^,«) 

\u,vev(G) J 

4 E l/HI 2 



2 



llv/ 2 lli., 



3 The isoperimetric spectrum 

In this section we concentrate on the isoperimetric constant and its generalization. 
In this regard, our point of view is to consider a generalization that is, firstly, well- 
behaved computationally, and secondly, can present a good relation to the classical 
eigenvalues. 

Throughout the section K is the kernel of a fixed Markov chain on the base graph 
as before, and it is a nowherezero stationary distribution for this kernel. 
It is a well-known fact from random-matrix theory and the recent literature that 
the behaviour of the classical spectrum of the Laplacian operator is quite hard to 
predict and, as a matter of fact, is related to some deep problems in contemporary 
mathematic |22j . In our opinion, one possible approach in this direction is to analyze 
a smooth function of the spectrum, that in a way contains a fair amount of data, 
rather than the eigenvalues themselves. Naturally, the most simple candidate for 
such a function can be considered to be the arithmetic mean, and consequently, 
there seems to be a fair chance that the behaviour of the mean-spectrum, whose 
k th element is the mean of the first k eigenvalues, be more well-behaved than the 
spectrum itself. We should also mention the results of J. B. Hiriart-Urruty and 
D. Ye [31] that, in a sense, justifies this approach. 

Therefore, based on the above-mentioned approach we will focus on the mean version 
of the isoperimetric constant and will generalize it as the most natural L counterpart 
of the mean eigenvalue. It is instructive to note that this generalization leads to a 
definition for the A; th isoperimetric number which is based on taking a minimum 
over all k-disjoint subsets of the ground-space, rather than its ^-partitions, and also 
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satisfies a Federer-Fleming-type theorem (Theorem [I]). This difference, although 
disguised in the classical case k = 2, seems to be quite nontrivial in general and will 
be our main motivation for the definition of a supergeometric graph. 
It is not hard to check that there is a straight forward translation of almost all 
results of this section to the case of compact Riemannian manifolds (considering 
appropriate modifications). 

3.1 The isoperimetric constant 

In what follows we introduce the generalized isoperimetric number (in the mean 
case), and we investigate some of its basic properties. To begin we define a couple 
of function spaces as follows. 

Definition 1. We define the space of unit positive functions as, 

K( Q ) = {/ I / ± and / e K( Q ) and H/IU = !} • 
Also, a class of functions {/, }" is called positive orthonormal, if for all 1 < i < n we 
have f i € U + (G) and moreover, for all pairs of indices i ^ j we have f i ^ 7T f.. In this 
regard we define, 

+ (G) d = | {/Jj is positive orthonormal} . 

+ n {G) = {{fX G 0+(G) | {suMfX^KiG)}. 

Now, we define the generalized isoperimetric numbers as, 

Definition 2. Given a graph G and a kernel K, the n th isoperimetric constant of 
G (with respect to K) is defined as follows 



^(G,K) = mm - > — — . 

Also, considering the partitions, we define the following related constant, 

- (n v\ def ■ 1 ( \^ d(Qj) \ 
t< n (G,K) = mm - > . 

We exclude the kernel K, when it is fixed or is clear from the context. 
Example 1. As the first example let us consider the case n = 2. 

h(G) = min Ulm + d(Q 2 )\ 



. l (d(Q)^ d(Q c )\ 

mm - I — + 

QCV(G) 



2 I tt(Q) vr(Q c 



. i / a(Q) , dig) 

mm — 



qcv(o) 2 ^tt(Q) (l-vr(Q)) ; 

. 0(g) 

min 

QCV(G) 27r(Q)(l-7T(Q))' 
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which is the (mean version) of the classical Cheeger constant. Soon we will prove that 
t 2 (G) = t 2 (G) (see Corollary that justifies our definition for the isoperimetric 
number in the classical case. A 

Some basic properties of the isoperimetric number will follow from the following 
technical proposition. 

Proposition 1. For any graph G (and a given kernel K on it), 

a ) I f{Q l } te x n G V n(G) and we define {Q*} d = (U ie j n QJ C , and for every j G T n 

n def 1 ( d(Q 3 UQ*) ^ d(Q 



then 



def 



6) ^/{QJ^i 6 2? n+1 (G), and we define {Q*} = (U ie j QJ C , and for every 

n+l 1 n-f-i 

pazr 0/ indices {j, A:} C T n+1 

def 1 (d(Q^Q k ) + ^ 6»(QJ 



then 



j> k n \ tt(Q. UQJ ^ tt(Q.) 

V v fc ; ieJ ^ 



b»cx n+1 - fc -n2(l-vr(Q*)) n 2 ^ 7r(Qj 

Proof. The proof is based on the fact that a weighted mean of a set of numbers is 
greater than o: 
and note that 



def 

greater than or equal to the minimum of the set. For part (a) let w j = tt(Q . U Q* 



Also, 



72 



=l + (n-lMQ*). 

3=1 



n n n afn * 



7T(Q. 

= (n-2)?(Q*)+^ S(Q,) 
i=i 

(l + (n-2)7r(Q*)-7r(Q.))^4 
= (n - 2)9(Q*) + 2 (1 + (« " 2 MQ*)) ^ " ' 
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Similarly, for part (b) let w j k = f ^(Qj U Q k ) and note that 

v jlh = n(l-7r(Q*)). 

l<j'<fc<n+l 



Also, 



" E «WC = E »Wjug 4 

l<j<k<n+l l<j<k<n+l 



0(Q*) + („-!)£ i(Qj 



+ E E ^ u ^w 

l<j<fc<n+l iex _{j,fe} 



+^ („_1)(1- W (g 4 )- W (Q*)) 



i=l 



d(Q*) + (n-i)(l-ir(Q*))J2 



1 <Qi) 



Corollary 1. For any graph G {and a given kernel K on it) and for all 
1 < n < \V(G)\ we have, 

a) 0<Z n (G)-L n (G)<±. 

b) Z 2 (G)=l 2 (G). 

c) l n (G)<(l-^)Z n+1 (G). 

d) i n (G)<i n+1 (G)- 

Proof. The left hand inequality of part (a) is clear by definitions. Applying 
Proposition UXa) and noting that Z n (G) < S. we have, 



^)<min5;<ifl + f:%l)<i + t „ 



(G). 



Also, for the second part note that, 



Z (G) < min S. < — 7— ( , . . 

2V '-^{1,2} > ~ 2(1 + 7T(Q 3 )) \^<Qi)J 

which yields Z 2 (G) < i 2 (G). Now applying the first inequality of part (a) we have 
Z 2 {G) = l 2 {G). 

For the next part, apply Proposition \H[b) with Q* = 0. Hence, 

- <r\* ■ T n <" ( n2 ~ 1) ( 1 V- d(Q> 
l G < mm 1 < s > — — — 
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which proves part (c). 

For part (d), let {Qi} iex € V n+1 {G) be chosen such that, 



, (r) _ i v a(Qj 
n+l( )_ ^TT..i- W 

and 



vr(QJ " -7r(Q n+1 )- 

Then clearly, 

71+1 



" (G> £ n h ^> ~ i h «m ~ " +l(G) - 



3.2 A Federer-Fleming-type theorem 

Our basic aim in this section is to find a functional definition through proving a 
Federer-Fleming type theorem. In this direction, given a kernel K and a nowherezero 
stationary distribution it, let us consider the following parameters which are natu- 
rally related to the constants i n (G) and t n (G), 



7n (G, K) = f min ± (± ||V/J J 
7 B (G,*) = min ±(£||V/jJ) 



As usual we exclude the kernel when it is fixed or is clear from the context. 

Theorem 1. For any graph G {and a given kernel K on it) and for all 
1 < n < \V(G)\ we have 

t„(G)= 7 „(G). 

Proof. On the one hand, by considering characteristic functions of sets we have, 

i n (G)>l n (G). 

On the other hand, let S 0^(G) be a class of functions with R i = f Range(/ i ) 

such that U igI R i = {r 1 , r 2 , . . . , r t+1 } and 

= r < r ± < r 2 < ... < r t+1 . 

For every {i,j} C J n define s. d = r i+1 - r is F 4 ^ d = {v \ f.(v) > rj, vr l3 d = tt(F.,) 
and H li3 = f ,.). Also , defme 

t i d = min{j | < j < t and F i . ^ 0}. 
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Note that since f i 7^ for all i, the right hand set is nonvoid and consequently for 
any such i we have t i > 0. Moreover, by definitions and the co-area formula we 
have, 

t. t. 

1 = ii/jl = E a i*i,v iiv/ji^ = E si) -.- 
3=0 3=0 

and moreover, 

v(Q 1 ,Q 2 ,...,Q n ) c ({F lt . £ , {f 2:j }':,..., {F nj Y; > , tn < i (Effj) • 



For simplicity we index these inequalities by (j 1 , j 2 , . . . , j ) C X x • • • x X if 
Q k = F k . for all 1 < < n. Hence, for any such index (j 1 ,j 2 , • • • , J n ) 5 



^)iK fc <E ik Kv 

fc=i fc=i Vj^fe 



Now, if we multiply both sides of such an inequality by | Ts and sum over all 
indices (j x ,j 2 ,...,j n )Cl° x • • • x T° we get, 



4 
fe=i 



n t „(G) =nt„(G) JIE^w 

k=l j=0 

n 

= H(0 E IK*** 

(jlJ 2 '-Jn) fc=1 

^ e e •% n ^ ) ^, 

(j'l ,3 2 '~>3n) k=1 V^ k 
n *fe / 

= E E \ E (II* ^ ) 

t. 



n e I 

fc=ij,=i Vi^fc Vz=i 



Ik 

n n 



E E %9 h 

k= n 

E Hv/JL,^ 



fc=l 

which shows that t„(G) < 7 n (G), and the theorem is proved. 
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3.3 The combinatorial kernel 



Comparison method is a well-known tool in the theory of Markov chains that is 
based on a basic lemma of Diaconis and Saloff-Coste (e.g. see [201 [2Tj 139]). It has 
already been shown that this method can be considered in a more general setting of 
graph homomorphisms where one can effectively use a combination of well-known 
results in graph theory and the lemma (e.g. see [HI [I5j fT6| [17] ) . 
In this section and also in Section 14.21 we will pursue this line of thought to present 
a combinatorial approach toward the main problems. 

To start, let us recall that a homomorphism a from a graph G to a graph H is 
a map a : V(G) — > V(H) such that u ~ v implies cr(u) ~ cr(v). Hom(G, H), 
Hom v (G, H) and Hom e (G, H) denote the sets of ordinary, onto (vertices) and onto- 
edges homomorphisms from G to H, respectively (e.g. see [30 J for the background). 
Let K G be a kernel on the graph G with a nowherezero stationary distribution tt g . 
Then we define, 

Definition 3. 

M def / \ , m def . / \ 

• 7T = max tt g \u) and ir = mm ir G {u), 

• cp = max <p G (u,v), 

• 4> G d = min {4> G (u,v) \ </> a {u,v) ^ 0}, 

Also, if a G Hom(G, H) we define, 

. _M CT = min {\E{a-\x),a-\y))\ \ E(a~\x), a'^y)) + 0}, 

x,y£V(H) 

• JVC = f max | £ (a- 1 (x),a- 1 (y))|, 

• S a = min |cr _1 (a;)|, and 5 = f max |fj _1 (a:)|, 

i6f(If) i6V(B) 

• For two given kernels on G and if, we define 

M max 4> a ( x 'y) 

r(G,H) g % - eB( \ 

vr G mm 4> H {u,v) 

uveB(H) 



The following theorem is a summary of what one may prove using the comparison 
technique. 
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Theorem 2. (see [TB|[T7]) Let G and H be two graphs with n = \ V(G)\ > \V(H)\ = 
m such that tt g and n H are nowherezero stationary distributions of the corresponding 
kernels K G and K H , respectively. 

a) If a G Hom v (G, H), then for all 1 < k < m, 



KA° "T M 

G _ M <P^,7T„ . H 



3r~f K and i k < 



b) Ifa£ Hom e (G, H), then for all 1 < k < m, 



n M c 

n — m + k — g a 



H ^ G 



It is clear that one may compare different kernels on a graph G by considering the 
identity homomorphism on G. 

Now, we consider symmetric graphs and combinatorial kernels on them. To begin, 
let G = (V, E) be a graph for which d u is the out-degree of the vertex u G V, and 
d is the maximum out-degree of G. Define the kernel K on G as, 



K c (u,v) 



l 



max 

— jtndi — 



,777 OiC 







uv £ E & u ^ v 



U = V 6L U 



U = V 6L U — > U 



otherwise, 



and note that tt = [4r, ■ ■ ■ i m] is a nowherezero stationary distribution for i^ c . 
Also, it is easy to check that 



id — K„ 



a* 



— {D G A c 



where D G is a diagonal matrix whose diagonal entries correspond to vertex out- 
degrees and A G is the following adjacency matrix, 



A G (u,v) 



l uv e E & vue E 



uv E & vu g" E 



| otherwise. 



Hereafter, the operator A G = f d^ ax A c is called the combinatorial Laplacian of G, 
and it is clear by definition that the spectrum of A G lies within the interval [0, d ]. 
The following proposition shows that, in a sense, the combinatorial Laplacian is our 
best choice for a large family of graphs. 
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Proposition 2. Let G be a graph on n vertices, such that Aut(G), the group of 
automorphisms of G, acts transitively on both V{G) and E(G). If K is an arbi- 
trary kernel on G, and A^ is the k 'th eigenvalue of the corresponding combinatorial 
Laplacian, then 

a) A„ < \ c „, and A A > A c . 

1 2 — 2 1 n — n 

b) for all\<k<n we have i k {G,K) < i k (G, K c ). 
Proof. Let |Aut(G)| = t and for each a G Aut(G) define 

a(K)(u,v) = K(a(u),a(v)). 
For part (a) by Courant-Fischer variational principle, 

-\ e c 

o-eAut(G) 

■<c{£)f,f>. ' 



= 1 E 

o-gAut(G) 

si E 

o-eAut(G) 



mm 



(tt) 



< <r(A)g,g > 



(tt) 



Ml 



Hall 

where 5 is an eigenfunction of A^ . The next inequality also follows similarly. 
Also, to prove part (6), for all 1 < k < n, 

l„(G,K) =\ Y, ^G,o-(K)) 

o-eAut(G) 



<reAut(G) ai}^6Ci+(G) \i=l / 



k 

' V" llWn II 

CT (0) 



<^E E hv^il 

i=l o-eAut(G) 



<iE IIVfc[| lffc 



8=1 



where {g^}, £ + {G) is a set of function that give rise to the isoperimetric constant 



3.4 Geometric graphs 

By Corollary [TJ for any given graph G with a kernel K and a nowherezero stationary 
distribution tt on it, one can talk about the isoperimetric spectrum, 

= h (G, K) < l 2 (G, K) < ... < l. v(g) . (G, K) = 1. 
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On the other hand, by definitions and Theorem [H for any given graph G and for all 
1 < n < |V(G)| the following inequality holds, 

t n (G,K)= ln (G,K) < %(G,K) < t n (G,K), 

that motivates the following definition. 

Definition 4. A graph G is said to be n-geometric with respect to a kernel K, 
if L n (G,K) = Z n (G,K). A graph G is said to be supergeometric with respect to a 
kernel K, if it is n-geometric with respect to K, for every 2 < n < \ V(G)\. 4k 

As an immediate consequence of the definition and Corollary [1] we deduce that 
l 2 (G, K) = 7 2 (G, K) = 7 2 (G, K) = Z 2 (G, K) and consequently, any strongly con- 
nected graph is 2-geometric (with respect to any given kernel K). 

Example 2. A supergeometric graph. 

An easy observation is that for any graph and with respect to any kernel, 

This, for instance, shows that all graphs on a set of 4 vertices are supergeometric. 
As a second example, we show that the complete graph K n is supergeometric with 
respect to the natural random walk defined by 

„ , >def f ^ «/!) 

K c (u,v) = 



n-l 

u = v. 



i 



Note that, for any pair of vertices u, v £ V(K n ), we have 4>(u,v) = (f>(u,v) — n ^ n _^ ■ 
Consequently, for any {QJ^ eV t (K n ), with \Q.\ = n i5 

nt — y~* n. 

h(K) = ^p, 

n — 1 

which is clearly minimized when {Q;}* € P t (K„), in which case 

^(Kj = i ;(Kj = p T (t-i). 

n — 1 



Example 3. A 2-geometric graph that is not 3-geometric. 

Let G be a simple graph on a set of vertices {y} U (U._ 1 j4J where A^s are disjoint 
sets that do not contain y and | A| = n for all i = 1,2, 3. Also, E(G) is defined such 
that for i = 1,2,3 the central vertex y of degree 3 is connected to the fixed vertices 
x i £ A i and the rest of edges form three copies of the complete graph K n on the 
sets A v We claim that when n is sufficiently large then G is not 3-geometric with 
respect to the natural random walk K C (G). 
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First, note that \V(G)\ = 3n + l and \E(G)\ = §(re 2 -n + 2). Also, for the stationary 
distribution tt we have, 

1 TL 

ir(y) = — ^ , ir(x.) = , n (i = 1,2,3), 

yy> n 2 -n + 2 V %> 3(n 2 -n + 2) V ' ' ; ' 

71 — 1 

7r ( x ) = ^7~2 (x^y Scx^x^ i = 1,2,3); 

3(n z — n + 2) 

which shows that for sufficiently large n and u,v £ A { we have 
n(u) - Q/ 9 n — — 7:, <t>(u,v) 



3(n 2 -n + 2)' rv ' ; 3(n 2 -n + 2)' 
Now, it is not hard to see (by a simple case-study) that for sufficiently large n, 

3 



where for any other choice of three disjoint subsets, including 3-partitions where y 
must be included in one of the subsets, we obtain a larger number, and consequently, 
l 3 (G,K c )<l 3 (G,K c ). 4 

Problem 1. Discuss the case Z n (G) < (< n+1 (G). 

Problem 2. Is it true that any Cayley graph is combinatorially supergeometric? 

4 Connections to eigenspaces 

In this section we are going to prove generalized versions of Cheeger and Courant- 
Hilbert inequalities for the isoperimetric spectrum of a graph G. To begin let us 
recall an interesting variational principle due to Ky Fan. 

Theorem A. (e.g. see [2]) Ky Fan's minimum principle 

Let A € End(V) be a self-adjoint matrix operating on the v- dimensional inner- 
product space V , and let 

K <K <---<K, 

be the set of eigenvalues of A ordered in an increasing order. Then for any 1 < n < v 
we have, 

\ = -( min tr(UAU* 



n \UU*=id n 

where U is an arbitrary n x v matrix, id n is the n x n identity matrix, and (tr) is 
the trace function. 

Note that another way of expressing the Ky Fan's result is that, subject to the same 
conditions of Theorem El 



1 / . A <Af i ,f i > 
A = — mm > -^f — 
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Therefore, considering Theorem Q] and Lemma Q3 it is clear that the parameters 
7„(G) = t n (G), 7 n (G) and A n satisfy similar variational expressions but over different 
spaces of functions. 

Before we proceed any further, it is instructive to recall one more useful basic lemma 
(for more on the history and corrections see [TTJ El H2J [Ml 123 HI] ) • 

Theorem B. [23] (Duval-Reiner Lemma) 

Let T be a self-adjoint linear operator on the finite inner product space J- U (X). If 
f £ T U {X), and {Q } - ex 6 VAX) is a class of subsets such that f. d = /L for 
every 1 < i < k. Then, for any set of scalar coefficients c i 's (1 < i < k), the real 

k 

number Q and g = y^ c »/» we have, 
i=l 

k 

<T(g),g> LU -C\\g\\l^ = E c * < - C/U >„ 

i=i 

-IE fe-s) 2 <m)j t > u . 

Let if be the kernel of an ergodic Markov chain on the (strongly connected) base 
graph G, and let / be a real function such that K(f) < f. It is easy to check 
that for any natural number n we have K n (f) < f, and also one can check that 
h = lim K n (f) is a constant vector, every element of which is the weighted mean of 

/ with respect to the stationary distribution tt. Note that h is a harmonic function 
(eigenfunction of the eigenvalue 1) and an annihilator of the Laplacian A = I — K, 
Specially, in this case we know by Perron-Frobenius theorem that any such function 
is in the linear subspace spanned by h, and this shows that the eigenspace of the 
eigenvalue 1 is quite small, where, on the other hand, the space of such functions can 
be quite rich, or in a more sophisticated language, one may say that we are passing 
from the space of martingales to the space of super martingales |23j . 
The second important fact is related to the concept of a nodal domain. It is interest- 
ing to note that in the continuous case the eigenfunctions of the ordinary Laplacian 
(say of a compact Riemannian manifold) is always a continuous function (essentially 
smooth) and by Rolle's theorem there is always a zero point between any two points 
with different signs. This fact, in a way, justifies the study of connected components 
of / _1 (0) (as nodal regions \18 \ \26 \ [32]) for any eigenfunction / in the continuous 
case. However, when we are dealing with a discontinuous object as a graph, an 
eigenfunction can have opposite signs on the two endpoints of an edge, where this, 
on the one hand, makes the whole thing more complex, and on the other hand, it 
makes the space of eigenfunctions far richer. 

Definition 5. If / e F„(G) and Q C V(G), the pair (Q,Q C ) is called a bipolar 

cut-set for / if for any edge uv E E{Q) we have f(u)f(v) < 0. Also, a subset Q 

is called a nonnegative (nonpositive) bipolar part of / if f 1 = /| Q is a nonnegative 
(nonpositive) function on Q and (Q, Q c ) is a bipolar cut-set for /. A signed part of 
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/ is a subset Q that is either a nonnegative or a nonpositive bipolar part of /. Note 
that in this case / = f 1 + f 2 where f 2 = f f\ QC and f^f^. 
For a given graph G and a real function / £ J-(G), we define 

. ^ <M {w G V{G) | > 0}5 

. M s & {v e V(G) | /(«,) < 0}, 

. O f d ^ {v e V(G) | /(«,) = 0}. 

Also, for any subset of vertices W C y(G), we use the notation Comp(W) for the 
set of all connected components of the induced subgraph of G on W . We call the 
components of the subgraphs induced on V. and N f the strong sign-graphs of / and 
we use the following notations, 

K + {f) = \Comp(V f )\, K-U) = \Comp{M f )\, and «(/) d ^ f «+(/) + «"(/). 

Note that any strong sign-graph of / is clearly a signed part of /. 
For a given real number ( £ R, a real function / € ^"(G) is said to be (-excessive 
(resp. (-deficient) for the kernel -KT if Kf < (f (resp. Kf > (/). By abuse of 
language, an ("-excessive (resp. ("-deficient) function for A is just refered to as an 
(-excessive (resp. (-deficient) function, if details are clear from the context. 4 

The following is a direct corollary of Theorem [Bj 

Corollary 2. Let G be graph, and f £ J~(G) be a (-excessive (resp. (-deficient) 
function for A, such that a subset Q C V(G) is a nonnegative (resp. nonpositive) 

bipolar part of f . Then, assuming g A = f\ Q we have, 

Proof. Obviously, {Q,Q C } £ V 2 (G) and, consequently, the inequality follows by 
Duval- Reiner Lemma (Theorem [B]) . ■ 

4.1 Generalized Cheeger inequalities 

The following is the first half of the generalized Cheeger inequality. 
Theorem 3. For any given graph G we have X n < t n (G). 
Proof. Let {Q^}™ £ D n (G) be chosen such that 

Also, for every i £ Z n define 



h t (u) 



u^Q,. 
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Note that for every i £ 1 we have \\h i || x = 1 and moreover, 

I 2 , ,,2 



INI, IIM, 

Hence, by Ky-Fan's minimum principle we have, 



2 



n K = mm ^ — — - 3 < ^ - = n t tt (G). 

Ji-L^Jj i=1 \\Ji\\ 2 ,n i= l II "ilia,* 



For the second half we need the following definition. 

Definition 6. Let T = (Ci> Ca> • • • > d) be an n-list of real numbers. Then an ra-list 
of real functions F = f 2 , . . . , / n ) on a domain X along with n disjoint subsets 
Q = (Q 1 ,Q 2 , . . . ,Q n ) such that Q. C X, is called a compatible orthogonal set of 
functions for if, if: 

• For each 1 < z < n, the function /. is a £ 4 -excessive (resp. ("-deficient) function 
with respect to the kernel K on X. 

• For each 1 < i < n, the subset Q i is a nonnegative (resp. nonpositive) bipolar 
part of f v 



Theorem 4. Consider a graph G and letT = (Ci > Ca j • • • > d) • V F = (A > /a > • • • > /«) 
along with Q = (Q 1 , Q 2 , . . . , Q n ) is a compatible orthogonal set of functions for A, 
then 

2C n > ^(G) 2 . 
Proof. Let Q ^ g. d M f.\ . Then, 



n IIVoJ _ n \\XJq 2 \\ 



2 



_,. , 2||2 

j = 1 lift ll 2 ,,r j = l lift 111,. 



2 

yj II ' 2 1 1 

i=i i|y » |,i '' r 



2 



where the first and second inequalities follow from Corollary [2] and Lemma U re- 
spectively, and the third one is a direct application of Cauchy-Schwartz inequality. 
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Corollary 3. For a given graph G, let f be an eigenfunction of A corresponding to 
the eigenvalue X with k strong sign-graphs. Then 

1 



Proof. Use Theorem U] with 



T d ^ (X,X,...,X), F = (f,f,...,f) and Q = (Q 1: Q 2 , . . . , Q k ) 

where each Q i is a strong sign- graph of /. 

Note that for A 2 we have k > 2 and Cheeger's inequality, 

1 



- X 2 < t 2 (G) < V2X 2 , 

follows from Theorem [3] and Corollary [3] Now, the generalized Cheeger inequality 
can be stated as follows, 

Theorem 5. Consider a kernel K on a base graph G. Let F = (/ 2 , / 3 , . . . , / n ) 
be a list of eigenf unctions of A for the list of eigenvalues V = (A 2 , A 3 , . . . , A n ), 
respectively, such that in the list Q = (Q 2 , Q 3 , . . . , Q n ) of disjoint sets, Q i is a 
strong sign- graph of f. and 7^ /. L for each 2 < i < n. Then, 

^^(G) 2 <A„<^,JG). 
In n 

4.2 Generalized Courant-Hilbert inequalities 

It is clear from Corollary [3] and Theorem [5] that an effective application of generalized 
Cheeger-type inequalities for higher eigenvalues strongly depends on ones informa- 
tion about the nodal domains and the strong sign-graphs of the eigenfunctions (or 
excessive functions in general). This in a way motivates a study of the concept that 
we formulate as generalized Courant-Hilbert-type inequalities. 

In this setting we present such results as general spectral inequalities for the no- 
homomorphism problem. To begin, let us recall the following related result. 

Theorem C. |15j For any pair of graphs G and H with \ V(G)\ = n and \ V(H)\ = m, 
and for any 1 < k < m, if a £ Hom v (G, H) and f k is an eigenfunction for the 

eiqenvalue X H , then max(A G ,A G ) < 4r— \ H . 

k v fe K.(f k ) 1 — o CT k 

Note that for any graph G the identity homomorphism q is trivially in Hom v (G, G) 
where M e = S g = 1, and consequently, by the theorem, for any eigenfunction, f k , 

G G G 

of the eigenvalue A , we have, A < A , which implies that n(f ' ) < k. 

Therefore, other similar results (e.g. as those appeared in |15j in terms of the 
eigenvalues of the co-Laplacian matrix) can be considered as generalized Courant- 
Hilbert-type inequalities. In this section we are going to show that similar results 
can be proved in terms of the eigenvalues of the kernel K, even though it is not 
necessarily a positive definite operator. We start by recalling a couple of definitions 
(for more details refer to \15\ \W[ [T7j ) . In what follows we prove a generalized version 
of Theorem O 
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Theorem 6. Let K G and K H be two kernels on the graphs G and H , with the 
nowherezero stationary distributions tt and it' , respectively. If a £ Hom v (G, H) and 
f is an (-excessive function for A H , then 

Proof. Let {Q i \ i = 1, . . . , be the vertex sets of the strong sign-graphs 

corresponding to the ^-excessive function /. Also, let f i = f f\ Q for i = 1, . . . , n{f). 
By Duval- Reiner Lemma (Theorem |B|) . for any set of scalar coefficients c/s (i = 

"(/) 

1, . . . , the real number £ and g = ^^c i f i we have, 

i=l 

k 

<A H (g),g> v ,-(\\g\\l y = £ c] < (A H (/) - (f), / 4 > w , 

A' 



«(/) 



Now, consider the subspace of all functions 5 = '^~^ j c i f i for which = for 



def 

i=l 



any negative strong sign-graph Q^. Note that K, + (f) is the dimension of W~j~ and 
that for any g G W+ we have < A H (g),g -ClMI^, < °- 
Hence, f < C for any such g, and consequently, 

<A G (goa) go*> w < <A (g), g >, ^ ^ 

Il5°^ll 2j7r S a \\g\\ 2y S a 

and the theorem follows by Courant-Fischer variational principle. ■ 

In the following theorem we prove another version of Theorem where the kernel is 
not necessarily a positive definite operator (parts of the proof is mainly based on a 
known result of Powers [131 [36] ) . 

Theorem 7. Let K G and K H be two kernels on the graphs G and H , with the 
nowherezero stationary distributions tt and tt' , respectively. For any ( 6 R, 

a) if a £ Hom e (G, H) and f is a (-deficient function for the kernel K H on H, 
then 

^>^r{H,G)-' C- 



b ) if H is strongly connected, f is a (-deficient function for the kernel K H on H 

ip(V 

<: M. 



for which ^ 0, k d = \Comp(V f U O f )\ and a e Rom c (G,H), then 



a k > — ^r(^G)- 1 
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Proof. Let 



K = I B ° 
" \E D 



f = 



where the submatrices B and D correspond to the subgraphs induced on V f U O f 
and ftf f , respectively, and a, b are nonnegative vectors. Next, let 



B 



\ 



B 



\ 



Bj 



a 



and C 



where, for any 1 < i < k, B i is the submatrix corresponding to the induced sub- 
graph H i £ Comp{V } U O f ) and a and C are partitioned accordingly. Also, define 

G i = a~ 1 (H i ) as an induced subgraph. The hypothesis K H (f) > (f implies that 
for all 1 < i < k we have B i a i — Cfi > (a t . Since H is a strongly connected graph, 
no C i is identically equal to zero and consequently C t y > because K~(f) / and 

b is a strictly positive vector. Hence, for all 1 < i < k we have < \C]\^' >7T ' > ^ - 

On the other hand, one can check that for any graph H, 



<«„(/),/>„,= 2 



E 

iiuS-E(-ff) 



f{u)f{v)cp (u,v) 



Therefore, each term of < > jr , is nonnegative, and since a is a graph homo- 

morphism each term of the expansion in < B i (a i o a), a i o a > n is also nonnegative. 

Hence, for any 1 < i < k, we can compare the Rayleigh quotients <B% & °^l\y2 0(T>1T 

" i "2.TT 

<B a.,a > . 

and — W 71 as follows, 



[2 - T l- H ' G J [1 1|2 > T \ H ^ Lr ) V 



a, o a 



Similar dual theorems can be proved by either considering K~(f) or applying the 
above theorems to the vector — /. Also, note the trade-off between having larger 
indices and getting an strict inequality in part (b). 



5 Concluding remarks 

In this paper we considered the isoperimetric spectrum of directed graphs and we 
considered its relationships to the classical spectrum of Laplacian eigenvalues. We 
would like to emphasize that similar studies related to higher order isoperimetric 
numbers (for the minimum version) already exist and can be found in the current 
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literature (e.g. see [H [TUl EH])) however, we not only tried to present a concises 
treatment of the subject in the case of directed graphs with a focus on both analytic 
and graph-theoretic aspects, but also, we would like to single out the mean-version 
of the isoperimetric constant, because we believe that it may give rise to a spectrum 
that is computationally more well-behaved (e.g. see [31] for a patch of strong evi- 
dence in this regard). 

Considering the properties of the isoperimetric spectrum, it is instructive to highlight 
the difference between i and I (disguised in the case of classical Cheeger constant 
(see Corollary [1]) ) and the fact that l can be described by a functional equivalent 
definition (Theorem [T]) . This, compared with a celebrated contribution of Rothaus 
(see [37]) shows that our definition of supergeometric graphs has got the distinction 
of characterizing a class of graphs with geometric like properties (that also seems to 
be related to the concept of symmetry). In this regard we believe that the charac- 
terization of supergeometric graphs should be a very fundamental problem. 
Also, it is worth mentioning the relationships of the subject to the theory of weakly 
unitary invariant norms (e.g. see [2]) and convex analysis on Hermitian matrices 
that may give rise to some generalizations. 

A missing section in this paper is the part on the relationships of the isoperimetric 
spectrum and the classical connectivity parameters defined in graph theory (as edge- 
connectivity, vertex-connectivity, etc.). For this we just refer to the basic fact that 
this study naturally leads to the subject of solving boundary value problems on the 
base graph that is well studied in the existing literature about maximum principle 
and potential theory on graphs (e.g. see [IKUHO] and related articles). 
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